Abstract. We investigate a family that connects various subclasses of functions convex in the unit disk. We also look at generalized sequences for this family.
Introduction. Denote by S the family of functions
that are analytic and univalent in the unit disk ∆ = {z : |z| < 1} and by K the family of convex functions f ∈ S for which Re(1 + zf /f ) > 0, z ∈ ∆. There are several well-known subclasses of K. Robertson in [6] introduced the family K(α) of functions f convex of order α, 0 ≤ α < 1, that satisfy in ∆ the inequality Re(1 + zf /f ) > α. Ruscheweyh [8] defined the subclass D of K consisting of functions f for which Re f (z) ≥ |zf (z)|, z ∈ ∆. His convolution conjecture [8] for this class is stronger than the (former) Bieberbach conjecture (deBranges' theorem).
Goodman [2] introduced the family UCV ⊂ K of uniformly convex functions f having the property that for every circular arc γ contained in ∆ with center also in ∆, the image arc f (γ) is a convex arc. He then gave the two-variable characterization
Ma and Minda [4] and Ronning [7] independently found a more applicable one-variable characterization for UCV, namely
We may summarize relationships between K(α), D, and UCV. [7] .
Proof of (i). The function
Proof of (ii). In this paper, we introduce a family of functions that connects these various subclasses of K. We also relate this new class to the family R of functions f ∈ S for which Re f > 0, z ∈ ∆.
2. The main class. We say that f of the form (
(2.1)
, and the result is sharp.
Hence,
Clearly, the family UCD(α) ⊂ D for α ≥ 1. We next see when UCD(α) is uniformly convex.
Proof. Since the extremal function of Theorem 2.1 is not in K(1/2) for α < 2, an application of Theorem 1.1(iii) shows that this function cannot be in UCV when α < 2.
If f ∈ UCD(2), then
Thus,
3. Sequences. To a finite or infinite increasing sequence of integers {n k } with n k ≥ k we associate with f of the form (1.1) the generalized partial sum defined byf
with the special case n k = k (k = 2, 3,...,n) representing the nth section f n (z) = z + n k=2 a k z k . We determine when generalized sequences of functions in R satisfy conditions to be in UCD(α). Since our results rely on properties for continuous linear functionals defined on R, sharp results are obtained from the extreme points of R. See [3] . It thus suffices to consider the extremal function f ∈ R defined by
In [10] it was shown for f ∈ R that
and of (ii) for r < 1 on
We extend these results to the class UCD(α).
The results are sharp for all α ≥ 0.
Proof of (i). From (3.3) we have
which is true for r ≤ 1/2(1 + α). Equality holds for f defined by (3.2) and n = 2.
Proof of (ii). From (3.4) we see that
Re f (z) ≥ α zf (z) when 1 − r 2 ≥ 2αr (3.6)
which holds for r = √ α 2 + 1 − α.
Remark 3.2. The case α = 0 in (i) (f ∈ R) is due to MacGregor [5] .
We now turn to generalized sequences. 
The result is sharp for all α.
Remark 3.4. The cases α = 0 (b = √ 2 − 1) and α = 1 (b ≈ 0.2253) were proved in [10] . Note that the value for b decreases as α increases.
Proof. We need only consider f defined by (3.2). Defining h by
it suffices to show that
has positive real part for |z| < b. We examine different cases.
Since this last expression is bounded below by the left-hand side of (3.7), it follows that 
(3.14)
Substituting from (3.7) the value α
hand side of (3.14), one can show that the right-hand side of (3.14) decreases as b decreases. Since αb → 1/2 as α → ∞, we see that
When n 2 = 2 and n 3 ≥ 4, we consider two remaining possibilities, depending on whether the first n k after consecutive even integers is the succeeding odd integer.
Case 3. We havẽ
An induction shows that the right-hand side decreases with m, so that
Case 4. We havẽ
Then for |z| ≤ b,
Again the right-hand side decreases with m and
we see thath (−b) = 0.
Sufficient conditions.
We next see how small the coefficient need to be in order to guarantee inclusion in the family. 
